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Abstract 

We consider the tree amplitudes of production of n<i scalar particles by n\ particles 
of another kind, where both initial and final particles are at rest and on mass shell, 
in a model of two scalar fields with 0(2) symmetric interaction and unequal masses. 
We find that these amplitudes are zero except for the lowest possible n\ and ri2, and 
that the cancellation of the corresponding Feynman graphs occurs due to a special 
symmetry of the classical mechanical counterpart of this theory. This feature is rather 
general and is inherent in various other scalar field theories. 







1. Recently, powerful techniques have been developed for calculating tree am- 
plitudes of the production of n scalar particles at n-particle treshold by one or two 
initial particles (virtual or real) JE], ^, |[ §], |5], |f| [/], |§. The implementation of these 
techniques revealed an interesting property that some of the amplitudes are equal 
to zero. One type of the cancellation between the tree graphs occurs for processes 
involving two on-shell initial particles with non-zero spatial momenta and sufficiently 
large number of final particles, all of which are at rest. For example, in the theory of 
one scalar field with ip 4 self-interaction, the tree amplitudes of the scattering of two 
particles into n particles at the threshold vanish for n > 2 in the case of unbroken 
reflection symmetry and for n > 4 in the case of broken symmetry [|], [J . This prop- 
erty is related to the reflectionlessness of certain potentials in quantum mechanics 
[0. H . Different type of the zeros of the tree amplitudes at rest was found in ref . Q . 
The processes of the production of n\ particles of the field (fx and n 2 particles of the 
field <f2 by one initial particle were considered in the framework of the model with 
0(2)-symmetric interaction and unequal masses, whose lagrangian is 

In the case of broken reflection symmetry ipi — > —fi, the production of n particles 
<P2 by one particle (pi, where both initial and final particles are at rest and on-shell, is 
kinematically allowed under certain conditions on mi and m 2 . It has been observed 
that the tree amplitude of this process vanishes at n > 2. No explanation of this 
property was given in ref.||, although it was suspected that it might be related to a 
specific symmetry of the interaction ((p\ + y 2 !) 2 - 

In this paper we extend this result of ref. || and show that the tree amplitudes 
of the processes of the production of ri2 particles ip2 by n\ particles tpi, all at rest 
and on-mass- shell, where n x and n 2 are coprime numbers up to one common divisor 
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2, vanish in the model (|l|) except for the cases n\ = 712 = 2 when the reflection 
symmetry is unbroken and n\ — 1, = 2 when the symmetry is broken. We also 
relate the cancellation of the corresponding tree diagrams to the integrablility of the 
classical mechanical system with the hamiltonian 

H = |(v3i) 2 + \{^f + + ^ + Kvl + <A? (2) 

which is obtained from eq.([l|) by discarding the space dependence of (pi and <p2- 
Namely, we show explicitly how the non-trivial symmetry |J of the system (0) (which 



is the simplest case of the Gamier systems |]T0[) leads to the nullification of the tree 
amplitudes at rest. 

2. For calculating the tree amplitudes at the threshold, two methods have been 
employed. One of them is based on recursion relations between diagrams with differ- 
ent numbers of final particles Jl[ , and the other makes use of classical field equations 
with special boundary conditions 0. Let us extend the classical solution method to 
the case when the initial particles are also on mass shell and at rest. 

Let us consider the model of two scalar fields, tp\ and if 2, with quartic interaction 
term, 

2 2 

t t / \ Tfl-t o ^^2 2 X — ^ \ 2 2 

/ / i,fc=l,2 

Our purpose is to calculate the tree amplitudes of the production of 112 particles y9 2 
by n\ particles ip\, where all initial and final particles are on-shell and their spatial 
momenta are zero. This process is allowed by energy conservation when riiirti = n 2 m2- 
We study the case when no disconnected diagrams exist, so we keep n\ and 712 coprime 
up to one common divisor 2. 
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The LSZ reduction formula for connected amplitudes reads, 

n 2 ni r r 

II II ^a^^^^-ml^-rr^jr^jr^Wlj] 
In the tree approximation one has 

where </?i [7] , </?2 [?'] is the classical solution for the theory with the action 

So* = Sd[(pi, (P2] + d^xjiipi + d A xj 2 ip 2 



(3) 



j=0 



Vibl an d V^b'] have to obey the Feynman boundary conditions at t — > ±00. Notice 
that 



ss cl 



= <Pi[j\ (4) 



When all particles are at rest, i.e., all p a = 0, q& = 0, the space-time dependent 
sources ji(x) and the solutions of the classical field equations <fi(x) may be replaced 
by functions ji(t), <Pi(t) depending only on time, and the classical field equations 
become ordinary differential ones. In this limit, according to eqs.(^) and ([|), the 
mass-shell amplitudes are obtained by substituting 

3l (t)= Pl e-^ t , j 2 (t) = p 2 e^ t ; 

and then taking the limit iOi — > rrii in the expression 

An^n^ = (-i) ni+n2 K 2 - ml) n \ul - ^P^pr -^MiM\ . =0 (5) 



So, we have to consider the following classical equations, 



k 

<p 2 + n4<p 2 + 2J2 ^2k^l = P2e iuJ2t (6) 

k 



Let us apply the ordinary perturbation technique to this nonlinear system. To the 
zeroth order in A (free theory) the solution is 

^ = z l = de-***; ^ 0) = z 2 = £e***, (7) 

where 

d 



At each subsequent step of the iteration procedure, we have to solve the following 
equations, 

V? ) +'n,V? ) = -E 2 M^) ( *- l) ( 8 ) 
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where (^j^)^ -1 ) is of order A fc_1 and therefore is expressed trough ip[°\ (p^\ ...^ 1 \ 
At uji 77i j, the perturbative solution is an expansion in z\ and z 2 , whose coefficients 
are finite in the limit Ui — > m 8 until a certain step. At this step (say, Z-th), the 
resonance term (i.e. the term oscillating with the frequency ±mj in the limit u)i —>■ mi) 
appears for the first time on the right hand side of eq.@, so that 

+ m 2 ^® = % A ^nM^2) Q,-iQ2 ^((m-i^-n^) + non . resonance terms 
[Tlx - l)!n 2 ! 

Up to A', the solution is 

,. ,rr v — mf (ni — 1) n 2 

(4,r)<(ni,n2) 1 1 v 1 ' z 

where C^i{uj) and A nin2 (a;) are finite at — > Making use of the definition of z i: 
ec l-(0)? we obtain from eq.(|) the following expression for the on-shell amplitudes at 

rest, 



A = J™ .H)H 2 - ml) ——i q^Mzi, wi,w 2 ; 
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From eq.(||) we see that 

A = i4 niif>a (wi,w 2 )U=m i (10) 
So the amplitudes are determined by the resonance term. 



For the actual evalution of the on-shell amplitudes at rest, it is more convenient 
to study the sourceless field equations, instead of the system (|6|). To reformulate 
the procedure, let us compare eq.@ with the perturbative solution of the sourceless 
classical equations supplemented by the following conditions 

^ (0) = k (11) 

where 

z x = C ie - imi ', z 2 = C 2 e im2t (12) 

The iteration procedure is again determined by eq.(|8]). At the /-th step the resonance 
term appears for the first time, 

+ = % Anin2(mi ,' m ; ) Ci" 1 " 1 ^ 2 e imi * + non-resonance terms (13) 

(ni-l)!n 2 ! 

where A nijn2 (mi, m 2 ) is precisely the coefficient A ni>n2 (uJx, ^2) in eq.© taken at oji = 
mi, i.e. A ni ^ n2 (mi,m2) is the amplitude of the process of interest (see eq. (|To|) ). The 
resonance term in eq.(^) gives rise to the peculiar (growing linearly in time) term in 
the perturbative solution, 

(0 = t e i Wlt AUmi^ J_ C m-i^. + oscillating terms (14) 
(ni — 1)! ri2\ 2m\ 

Thus, we obtain the following prescription for calculating the amplitude A for par- 
ticles at rest at the tree level. One has to solve the homogeneous ordinary differential 
equation — the classical equation for space-independent fields — by the perturbation 
technique; the coeffitient of the first peculiar term multiplied by 2m\{n\ — l)!?^! is 
just equal to the required amplitude. 

3. Let us show that there is no peculiar terms in the perturbative solution to 
classical equations when the corresponding mechanical system possesses a special 
kind of symmetry. 
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As an example, let us consider the model with softly broken 0(2) symmetry, 
determined by eq. (HD . The corresponding classical system, eq. @ , is the simplest case 



of the Gamier system and so is integrable JTO], |TTJ, [12|, [13], [L4]. Besides the usual time 



translation, this system possesses a non-trivial symmetry whose infinitesimal form is 
1 

<Pi i-> ^i = ^i + eA^ 2 (^2-w) 

1 1 

7 Th 7 YI 

tp 2 ^ (p2 = ^2 + e[X(pi(ip 2 ipi-ipiip2)-\ ~z — -^2} (15) 

where e is a small parameter. 

To see how this transformation changes the boundary conditions (|TTD and (|12"D, 
we take the limit A — > on the right hand side of eq.(|TJ). We obtain for the unbroken 
symmetry case (< <pi >=< ip 2 >= 0) 

2 2 

(0) ~ (o) (0) (0) ~ (o) (o) . m l — m 2 . (0) 

so that 

Ci = Ci, 6 = 6(1 + ^^=^6) (17) 

The solution <£>i j2 is determined by the parameters Ci, C2; due to the uniqueness of 
the perturbative solution, we have the following identity 

<M&, C 2 ) = ^, 2 (Ci, C 2 ) (is) 

where the left hand side is given by eq.(^) and Q on the right hand side are given by 
eq.(|T?D. Let us compare the peculiar terms in this identity. We obtain from eq.(|T5D 
that up to order A' 



x (() = + oscillating terms + 0(A m ) (19) 



while eqs.(0) and (p~7]) give, again up to order A', 

2 2 1 

^(C) = Vl (Q +% etn 2 mi ~ m2 z^- 1 z^ 1 ^^oscillating terms+0(A m ) (20) 

4 (rii — l)!n2' 



The identity fll8|) is satisfied only when 

(ml - m 2 2 )A nin2 = 0, 

i.e. either A nin2 = or m\ = m\. This means that the amplitude of the production 
of n 2 particles </? 2 by n\ particles <pi, all at rest, does not vanish only for ri\ = n 2 = 2 
(recall that we study the case of coprime ni/2 and n 2 /2). 

This analysis can be generalized directly to the broken symmetry case, m\ < 0, 
m\ > ml, when 

and instead of eq.(|16D one has 

(0) ~ (0) (o) 

<Pi ^ <PV , = <Pl , 

I™ 12 | m 12 I ™2 

(o) ~ (o) (o) , ,\mi\ mi +m 2 . (0) 
<^2 ¥>2 l J = ^2 + e ( — g ^ 2 

(o) |™i| 2 + 2m 2 , . (0) 

= ¥>2 ~ e ^ <P2 W 

So, 

Ci = Ci, 

C 2 = C 2 (l-2m 2 e^^ -) 

Eq. (|T9|) remains valid for the broken symmetry case, while instead of eq.(|20D one has 

^(C) = ^(C) + et7i 2 |mi|2 ^ 2m ' ^"^2 % An \Z , + oscillating terms + 0(A m ) 

8 (ni — l)!n 2 ! 

Thus, to satisfy the identity fll8"|) one requires 

(\ mi \ 2 + 2m\)A nin2 = 

Therefore, the amplitudes may not vanish only when |mi| 2 + 2m 2 , = 0. Since 
the masses of the excitations around the vacuum fl2T|) are m ipi 



mi| 2 + m|, this condition means that m 2 ^ = 2m 2 2 , i.e. the only non-vanishing 
tree amplitude at rest is that of the decay of a y?i-particle into two (/^-particles. 

The absence of the peculiar terms in the perturbation series in this model may be 
demonstrated by constructing the explicit solution to all orders in A. For example, in 
the unbroken case, the solution obeyng the conditions (|ITD and (|12|) is (cf. [§]) 

y?2 = Zl{l + A— -^Zi )(1 - — —Z X — - 2^2 + ^ 2 2 *1 ^ 2 j 

2mf v 2mf 2m2 Amfm^ ' 

where 

mi + m 2 

ft = 

mi — m 2 

Clearly, the expansion of this solution in A does not contain peculiar terms. 

4. So, we find that the nullification of the tree amplitudes for <£>i-particles to 
create (/^-particles, all particles being at rest and on mass shell, in the model ([!]) is 
directly related to the non-trivial symmetry of the corresponding Hamiltonian system 
of classical mechanics. The only relevant property of this symmetry is that the ex- 
pression for the infinitesimal transformation for at least one of the fields (pi contains a 
term that is linear in this field or in its derivative. Thus, in any theory of interacting 
scalar fields possessing the symmetry of the kind described above, the on-shell tree 
amplitudes at rest must vanish. Another example of such a model is the integrable 
version of Henon-Heiles system with arbitrary masses fllO , [|, which corresponds to 
the field theory with the lagrangian 

L = \M + - ^ - ^ - A^ 2 - 2\tfi (22) 

The non-trivial symmetry of the corresponding space-independent hamiltonian is || 

4/77^ — 771 ^ 

(pi i ^ cpi + 2\((piip 2 — 2y?2V?i) H -z -<Pu 

ip 2 h-> P2 + 2A^i</3 2 



By repeating the above arguments one finds that the only non-vanishing tree am- 
plitude at rest in the model fl22|) is that of the decay of one (^-particle into two 
^-particles. 

More examples of the nullification discussed in this paper may be constructed on 
the basis of wider classes of integrable classical systems, some of which can be found 
in ref.[P"U|. 



Of course, to a given order of the perturbation theory, the nullification of the tree 
amplitudes at rest for models like ([!]) or ( p2|) can be seen by explicit evaluation of the 
Feynman diagrams. In that language, zeros of the amplitudes emerge as the result of 
cancellations between various diagrams weighted by their symmetry factors. The fact 
that these zeros are related to the symmetries of classical integrable systems gives the 
rationale for these, otherwise miraculous, cancellations. 

The authors are indebted to D.T. Son, V.P. Spiridonov and P.G. Tinyakov for 
helpful discussions. The work of M.L. and S.T. is supported in part by the Wein- 
gart Foundation through a cooperative agreement with the Department of Physics at 
UCLA. 
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